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ABSTRACT

Infectious disease modeling is a fundamental tool in epidemiology, enabling researchers to predict
outbreaks and evaluate public health interventions. The Susceptible—Infectious—Recovered (SIR) model
serves as the foundational theoretical framework for understanding disease dynamics. This work presents
an extensive study of the classical SIR model, its assumptions, mathematical formulation, analytical
solutions, equilibrium points, stability analysis, threshold behavior via the basic reproduction number (Ro),
and numerical simulations. We explore the effects of variations in transmission and recovery parameters
and illustrate how different initial conditions influence the epidemic curve. Extensions of the SIR model,
including vaccination and vital dynamics, are introduced, making this study comprehensive and relevant
for modern epidemic analysis.

INTRODUCTION

Infectious disease outbreaks have shaped human
history, from the Black Death to COVID-19. Their
devastating impact has motivated the development
of mathematical models to better understand how
pathogens  spread, peak, and disappear.
Mathematical epidemiology aims to describe
epidemics using equations, enabling predictions and
strategy development. One of the earliest and most
influential models is the SIR model, formulated by
Kermack and McKendrick in 1927. Despite its
simplicity, the SIR model successfully demonstrates
essential epidemic behaviors, such as exponential
growth of infection, peak infection load, herd
immunity, and epidemic decline. This research paper
rigorously explores the SIR model, offering clarity for
graduate-level mathematical readers and providing
detailed equations, interpretations, and applications.

LITERATURE REVIEW

A historical perspective shows that mathematical
epidemiology began in the 18th century with Daniel
Bernoulli’'s work on smallpox. Later, Ross (1911)
developed models for malaria transmission.
However, the true foundation was laid by Kermack
and McKendrick, whose 1927 paper introduced
compartmental modeling and threshold theorems.

Recent research has significantly extended
the classical SIR model to address more complex
epidemiological dynamics. SEIR models incorporate
an exposed compartment to account for diseases
with incubation periods, while SIRS models include
waning immunity, allowing recovered individuals to
become susceptible again. Age-structured and
spatial models capture heterogeneity across
populations and geographic regions, improving the
realism of predictions. Stochastic epidemic models
account for the inherent randomness in disease
transmission, and control models integrate
interventions such as vaccination and quarantine to
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evaluate their impact on outbreak mitigation.
Despite these advancements, the classical SIR model
remains foundational due to its analytical tractability
and interpretability, providing a clear framework for
understanding the fundamental mechanisms of
infectious disease spread.

MATHEMATICAL MODELING
FRAMEWORK
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individuals, with B (transmission coefficient) and y
(recovery rate) remaining constant over time. These
assumptions simplify the dynamics and make the
system mathematically tractable, allowing for
analytic insights into the epidemic’s behavior and
thresholds.

MODEL FORMULATION

Compartments

The SIR model divides the population into three
compartments: S(t) (susceptible individuals who can
contract the disease), I(t) (infectious individuals
capable of transmitting the disease), and R(t)
(recovered individuals who gain lifelong immunity).
The total population is the sum of all three
compartments:

N=S(t)+I(t)+R(t)

This compartmentalization allows us to track the
flow of individuals between health states over time.
By representing populations in this way, the model
simplifies complex disease dynamics into a tractable
mathematical framework. It provides a foundation
for analyzing how infections spread and predicting
epidemic trajectories.

The population is divided into:
1. S(t): Susceptible individuals
2. I(t): Infectious individuals

3. R(t): Recovered individuals (with lifelong
immunity)

4. Total population:

Core Assumptions

The model assumes a closed population with no
births, deaths, or migration. Individuals are
considered to mix homogeneously, meaning every
susceptible has an equal chance of contacting an
infectious person. Recovered individuals are
assumed to gain permanent immunity and cannot be
reinfected. Disease transmission occurs solely
through contact between susceptible and infectious

The system is defined by:

as

= —psl
dal

2 = psi-yl
&

dt v

Parameter Interpretation

1. B (transmission coefficient):

a. Probability an infected person
infects a susceptible per unit time.

2. vy (recovery rate):

a. Fraction of infected individuals
recovering per unit time.

3. Infectious period = 1y

Here, B represents the probability that an infectious
individual transmits the disease to a susceptible per
unit time, and y is the rate at which infected
individuals recover. The infectious period is simply
1/y1/\gammal/y. This formulation captures the
continuous-time dynamics of disease spread and
allows us to study how infection, recovery, and
immunity interact over time.

ANALYTICAL PROPERTIES

Conservation Law

Since S+I+R=N
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2L (s+1+R) =0
dt
Thus, the system is two-dimensional.

This shows that the system effectively reduces to
two independent equations, because the third can
always be derived from the first two. Conservation
of population provides a useful check on numerical
simulations and ensures that no individuals are
artificially lost or created in the model. This property
underpins many analytical results in epidemiology.

Deriving the Epidemic Threshold

Consider infection growth:
d

- 1(BS-v)

Infection increases if:

BS >y

Initially, S=So, so define

Ro= Bs0
y

Interpretation:
1. RO>1: epidemic grows
2. RO<1: epidemic dies out

This threshold behavior is central to epidemiology.
The DFE is stable if BN<y(i.e., Ro<1) and unstable if
BN>y(RO>1). This means that in the disease-free
state, a small number of infections will either die out
or trigger an epidemic depending on the basic
Stability
equilibrium points helps us understand long-term

reproduction  number. analysis  of

outcomes and the effectiveness of control measures.

EQUILIBRIUM POINTS AND
STABILITY

ISSN: 2347-7660 (Print) | ISSN: 2454-1818 (Online)

1. If BN<y-> stable
2. If BN>y-> unstable

Thus, DFE is stable only when RO<1. If N<y, the DFE
is stable, meaning any small introduction of
infections dies out. If BN>y, the DFE is unstable and a
small number of infections can trigger an epidemic.
Thus, the stability of the disease-free state is directly
linked to the basic reproduction number, ROR_ORO,
which must remain below 1 for the infection to fade
naturally.

QUALITATIVE BEHAVIOR OF
SOLUTIONS

Disease-Free Equilibrium (DFE)

(S*,1*,R*) = (N, 0, 0)
Stability:

Linearizing around DFE:

a
2= (BN-y)

Phase Plane Analysis

Plotting S(t) vs. I(t) shows that:
1. 1grows whileS>y/B
2. | peaks whenS=y/B
3. Then | decreases monotonically

Phase plane analysis involves plotting S(t) against I(t)
to visualize the trajectory of an epidemic. The
infection grows while the susceptible population
exceeds the critical threshold S>y. The infection
peaks precisely when S=y/B, after which I(t) declines
monotonically as the pool of susceptible individuals
becomes insufficient to sustain transmission. This
graphical method provides insights into the timing
and magnitude of epidemic peaks.

Peak Infection
The epidemic peaks at:

S(tpeak)= %

At this point:

1. The susceptible population drops below a
threshold

2. The remaining susceptible can no longer
sustain spread
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At this point, the susceptible population falls below
the critical threshold required to sustain the spread,
leading to a decline in active infections.
Understanding peak infection helps in planning
healthcare resources, such as hospital beds and
medical supplies, and informs intervention strategies
to mitigate outbreak impact.
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Expected Results

1. Infection grows exponentially at first
2. Peak occurs around day 20

3. Roughly 60-70% of population becomes
infected eventually

4. R(t) steadily increases to its final size

Interpretation of Graphs

NUMERICAL SIMULATION
Let:

1. B=0.3

2. y=01

3. N=1

4. S(0)=0.99, 1(0) =0.01, R(0) = 0

Data for Numerical Simulation:
1. B=0.3,y=0.1,N=1

2. Initial conditions: S(0) = 0.99, 1(0) = 0.01,
R(0)=0

3. Timerange:t=0to 60 days

Table: Numerical Simulation

Day S(t) I(t) R(t)
0 0.99 0.01 0
5 0.85 0.14 0.01
10 0.65 0.30 0.05
15 0.45 0.42 0.13
20 0.33 0.44 0.23
25 0.25 0.40 0.35
30 0.18 0.30 0.52
35 0.12 0.18 0.70
40 0.08 0.10 0.82
45 0.05 0.05 0.90
50 0.03 0.02 0.95
55 0.02 0.01 0.97
60 0.01 0.005 0.985

Figure: Numerical Simulation
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Susceptible Population S:

>

>

Decreases sharply at the start of
the epidemic as individuals
become infected.

The decline slows as fewer
susceptible remain, eventually
leveling off when most individuals
are either recovered or infected.

Infectious Population I(t):

>

Rises initially, showing exponential
growth when the disease spreads
rapidly.

Peaks when the susceptible
population falls below the critical
threshold S=y/B.

After the peak, I(t)I(t)I(t) declines
monotonically as fewer individuals
remain susceptible to sustain
transmission.

Recovered Population R(t):

>

Increases steadily throughout the
epidemic.

40 45 50 55 60

Eventually approaches a final value
close to 60-70% of the total
population in this simulation
scenario.

Represents cumulative individuals
who have gained immunity post-
infection.

Overall Epidemic Dynamics:

» The curves demonstrate the typical

SIR behavior: rapid initial infection,
a well-defined peak, and eventual
stabilization as herd immunity
effects take place.

These graphical interpretations
help in planning healthcare
resources, estimating peak hospital
load, and evaluating the timing of
interventions like vaccination or
social distancing.
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EXTENSIONS OF THE SIR MODEL

The classical SIR model can be extended to
incorporate more realistic aspects of population
dynamics and disease control strategies.

SIR Model with Vital Dynamics:
In real populations, births and deaths occur

continuously. By including a birth and death rate
p\muy, the SIR model accounts for these vital
dynamics. The modified system becomes:

ds
E—uN—BSI—uS

dl

T BSI-yl-pl
dR

2 YImHR

This version can exhibit an endemic equilibrium,
where the disease persists in the population over the
long term if the basic reproduction number RO>1.
Such models are useful for studying diseases that
remain present in a population, such as influenza.

Vaccination Model:

Vaccination reduces the number of susceptible
entering the population. By assuming a fraction ppp
of newborns is vaccinated, the susceptible equation
becomes:

das
<= (1-P)UN-BSI-pS

Vaccination effectively reduces Ry to:
RO(1-p)
Thus herd immunity requires:
1
p>1—5

Vaccination  effectively reduces the  basic
reproduction number to Ro(1-p). Herd immunity is
achieved if the vaccination coverage exceeds the
threshold.  This  extension illustrates  how
immunization strategies can control or even
eradicate diseases in a population.
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LIMITATIONS OF THE SIR MODEL

While the SIR model is mathematically elegant and
provides foundational insights, it has notable
limitations:

1. Assumes homogeneous mixing, which is
unrealistic in structured or geographically
dispersed populations.

2. lIgnores latent periods (time between
infection and infectiousness).

3. Excludes births and deaths in its basic form,
limiting long-term applicability.

4. Does not account for asymptomatic
carriers, who may contribute to disease
spread.

5. Assumes permanent immunity, which may
not hold for all diseases.

Despite these limitations, the SIR model often
approximates early epidemic dynamics effectively
and serves as a starting point for more complex
models.

FUTURE WORK

Future research in mathematical epidemiology can
enhance the SIR framework by incorporating:

1. Age-structured models, capturing
differences in contact rates and
susceptibility across age groups.

2. Spatial diffusion models using partial
differential equations (PDEs) to account for
geographic spread.

3. Stochastic SIR models, introducing
randomness to capture unpredictable
variations in transmission.

4. Network-based transmission models,
reflecting realistic social contact patterns.

5. Real data fitting and parameter
estimation, allowing model predictions to
be directly validated against observed
epidemics.
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These extensions improve predictive accuracy and
provide valuable guidance for public health
interventions.

CONCLUSION
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combined with its predictive power, ensures its
continued relevance in modern disease modeling.
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